We comprehensively analyse the theoretical prediction for the Lamb shift in muonic hydrogen, and the associated determination of the proton radius. We use effective field theories. This allows us to relate the proton radius with well-defined objects in quantum field theory, eliminating unnecessary model dependence. The use of effective field theories also helps us to organize the computation so that we can clearly state the parametric accuracy of the result. In this paper we review all (and check several of) the contributions to the energy shift of order α 5 , as well as those that scales like α 6 ×logarithms in the context of non-relativistic effective field theories of QED.
Introduction
The measurement [1, 2] of the Lamb shift in muonic hydrogen, E(2P 3/2 ) − E(2S 1/2 ) ≡ ∆E exp L = 202.3706(23) meV (1.1) and the associated determination of the root mean square electric radius of the proton: r p ≡ r 2 p = 0.84087 (39) fm has led to a lot of controversy. The reason is that this number is 7.1σ away from the CODATA value, r p = 0.8775(51) fm [3] . This last number is an average of determinations coming from hydrogen spectroscopy and electron-proton scattering 1 . In order to asses the significance of the discrepancy, it is of fundamental importance to perform the computation of the Lamb shift in muonic hydrogen (in particular of the errors) in a model independent way. This was done in Ref. [6] . In that Letter we revisited the theoretical derivation of the Lamb shift using effective field theories (EFTs) and obtained the following expression which is at 6.8σ variance with respect to the CODATA value. Therefore, the proton radius puzzle survived our model independent analysis. The good point now is that the EFT analysis allows us to have a parametric control of the uncertainties, which are of the order of uncomputed terms of O(m µ α , m µ α 6 ). This parametric control of the uncertainties allowed us to obtain a model independent estimate of the error, which is dominated by hadronic effects.
EFTs help organizing the computation by providing with power counting rules that asses the importance of the different contributions. This is specially so for the muonic hydrogen, as its dynamics is characterized by several scales:
By considering ratios between them, the main expansion parameters are obtained:
For our evaluation we used potential non-relativistic QED (pNRQED) [7] . Particularly relevant for us is Ref. [8] , which contains detailed information on the application of pNRQED to the muonic hydrogen. Since pNRQED describes degrees of freedom with E ∼ m µ α 2 , any other degree of freedom with larger energy is integrated out. This implies treating the proton and muon in a non-relativistic fashion and integrating out pions (and Delta particles). This is the step of going from Heavy Baryon Effective Theory (HBET) [9] to Non-Relativistic QED (NRQED) [10] . By integrating out the scale m µ α, pNRQED is obtained and the potentials appear. Schematically the path followed is the following (∆ ≡ m ∆ − m p ):
=⇒ NRQED (mµα) =⇒ pNRQED .
A detailed explanation of the matching computation between HBET and NRQED was given in Ref. [11] . This corresponds to the hadronic part of the computation presented in Ref. [6] . It is one of the main motivations of this paper to give the details of QED-related part of the analysis in Ref. [6] . This means to analyse the potentials that contribute to the given order, as well as to actually compute the associated energy shifts associated to the potentials and the ultrasoft photons. We have made some effort to present the result assuming an arbitrary charge for the muon and proton, so that the results can be of use in a more general situation, in particular for muonic atoms. This is so because the expressions of the potentials would be equal for light muonic atoms after appropriately changing the NRQED Wilson coefficients produced by the hadronic scales. Therefore, we will present some results in terms of Z µ (= 1), Z p (= 1) and Z ≡ Z µ Z p (= 1). We also expect that the analysis presented in this paper will set the basis for higher order computations using EFTs.
NRQED(µp)
In the muon-proton sector, by integrating out the m π ∼ m µ scale, an EFT for non-relativistic muons and protons, relativistic electrons and photons appears. In principle, we should also consider neutrons but they play no role at the precision we aim. The effective theory has a hard cut-off ν ≪ m π and therefore pion and Delta particles have been integrated out. The effective Lagrangian reads
The pure photon sector is approximated by the following Lagrangian
are generated by the vacuum polarization loops with only muons and taus respectively. At O(α) they read
3)
The hadronic effects of the vacuum polarization are encoded in d 2 :
is the derivative of the hadronic vacuum polarization (we have defined
The experimental figure for the total hadronic contribution reads Π ′ h ≃ 9.3× 10 −3 GeV −2 [12] . Following standard practice, we have singled out the contribution due to the loops of protons (assuming them to be point-like) in the second equality of Eq. (2.4). Note though that d had 2 is still of order α.
The electron sector reads (iD
We do not include the term 6) since the coefficient g le is suppressed by powers of α and the mass of the lepton. Therefore, it would give contributions beyond the accuracy we aim. In any case, any eventual contribution would be absorbed in a low energy constant. The muonic sector reads
with the following definitions: iD
The Wilson coefficients can be computed order by order in α. They read (where we have used the fact that c
Taking the values of the form factors for the muon-electron difference computed in [14] and those for the electron computed in [15] , we can deduce the following expression for the c
2 In NRQED(µp), the electron has not been integrated out. Therefore, Eq. (2.10) is not the c
D Wilson coefficient of NRQED(µp). Eq. (2.10) will show up after lowering the muon energy cut-off below the electron mass in pNRQED. Still we choose to present it here as otherwise we would be forced to do an extra intermediate matching computation that it is unnecessary to obtain the final result. Since we have integrated out the electron, note also that α = 1/137.14... in this equation, i.e. any running associated to the electron is written explicitly in Eq. (2.10). D if computing the Wilson coefficient as if the proton were pointlike at the m p scale. Even if these effects are small, they should be taken into account for eventual comparisons with lattice where typically only the hadronic correction is computed.
For the proton sector we have
where iD 0 p = i∂ 0 + Z p eA 0 , iD p = i∇ − Z p eA and for the proton Z p = 1. The proton Wilson coefficients are hadronic, non perturbative quantities. In some cases they can be directly related with low energy constants, for instance with the anomalous magnetic moment of the proton, κ p = 1.792847356(23) [16] :
Note that κ p includes O(α) effects. In principle, this is also so for κ had p , to which we have subtracted the proton-associated point-like contribution to the anomalous magnetic moment (note that the point-like result is a bad approximation for c D is more complicated (a more detailed discussion can be found in Ref. [8] ). It can be written in the following way in terms of the electromagnetic current form factors at zero momentum (F 1 (0) = Z p ):
(2.14)
This object is infrared divergent, which makes it scale and scheme dependent. This is not a problem from the EFT point of view but makes the definition of the proton radius ambiguous. The standard practice is to make explicit the proton-associated point-like contributions to the computation. In practice this means that one uses the following definition for the proton radius
In other words (up to O(α 2 ) corrections)
Note that r p includes O(α) terms in its definition. This should be kept in mind when comparing with lattice determinations. Note also that it is not natural to set ν = m p , or, in other words, to assume that the proton is point-like up to (and beyond) the scales of the proton mass;
3, to be compared with "1" for a point-like particle. This illustrates that the point-like result does not even give the right order of magnitude of c D 3 . L N e refers to the four-fermion operator made of nucleons and (relativistic) electrons. It will not contribute to the spectrum at O(m r α 5 ). Therefore, we will not consider it any further. For a more detailed discussion see Ref. [17] .
Finally, we consider the four-fermion operators 4 :
Again in this case it is common practice to single-out the proton-associated point-like contribution. Note that this assumes that one can treat the proton as point-like at energies of the order of the proton mass. We have already seen that this is a bad approximation for c D and other Wilson coefficients. Nevertheless, we keep this procedure for the sake of comparison. Therefore,
The expression of d s should be understood in the MS scheme, d v on the other hand is finite. d s was computed in Ref. [18] and d v in Ref. [10] . c had 3
encodes all the hadronic effects to the spin-independent four-fermion Wilson coefficient. At O(α 2 ) it is generated by the two-photon exchange contribution. Since c had 3 depends linearly on the muon mass, it is dominated by the infrared dynamics and diverges linearly in the chiral limit. This produces an extra m µ /m π suppression with respect to its natural size, and allows us to compute the leading pure-chiral and Delta-related effects in a model independent way. The complete matching computation between HBET and NRQED was made in Ref. [11] to which we refer for details (partial results can be found in [8, 19] , and in Ref. [20] in the context of relativistic baryon effective theory). Overall we obtained
47.2(23.6) (π), 56.7(20.6) (π + ∆), (2.22) where the upper and lower numbers refer to the matching computation with only pions, or with pions and the Delta particle, respectively. For comparison, the value c
54.4(3.3), which follows from the analysis in Ref. [21] , was used in Ref. [2] . We refer to Ref. [11] for a detailed discussion on the status of these hadronic determinations and focus on the QED-like computations in this paper. encodes all the hadronic effects to the spin-dependent four-fermion Wilson coefficients. As in the previous case, this coefficient diverges in the chiral limit. Nevertheless, it only does so logarithmically (unlike in the previous case, where the divergence was linear). Such computation can be found in Ref. [17] . Still it is possible to determine c had 4
from the analogous one of the proton-electron four-fermion operator determined in Ref. [17] . This was done in Ref. [11] , from where we quote the result 
pNRQED
After integrating out scales of O(m µ α ∼ m e ), the resulting effective theory is pNRQED [7] . This EFT naturally gives a Schrödinger-like formulation of the bound-state problem but still keeping the quantum field theory nature of the interaction with ultrasoft photons, as well as keeping the information due to high energy modes (of a quantum field theory nature) in the Wilson coefficients of the theory. pNRQED has been applied to hydrogen [22] , positronium [23] and muonic hydrogen [17, 8] providing with much of the information needed for this paper. In particular in the last reference the explicit form of the Lagrangian was presented (up to O(m r α 5 )). We repeat it here but generalized to the case of arbitrary charges:
, x and X, and p and P are the relative and center of mass coordinate and momentum respectively.
V can be written as an expansion in 1/m µ , 1/m p , α, ... We will assume 1/r ∼ m e (which is realistic for the case at hand) and that m µ ≪ m p . We then organize the potential as an expansion in 1/m µ :
where
We will also make the expansion in powers of α explicit. This means that
has to be included exactly in the leading order Hamiltonian to yield the leading-order solution to the bound-state problem:
Thus, the contribution to the energy of a given potential is
up to large logarithms or potential suppression factors due to powers of 1/m p . Iterations of the potential are dealt with using standard quantum mechanics perturbation theory producing corrections such as:
and alike. Therefore, in order to reach the desired O(mα 5 ) accuracy,
The static potential:
The Fourier transform of V (0) reads
which in fact defines αṼ , the coupling constant associated to the static potential, which is gauge invariant. The contribution associated to the electron vacuum polarization (Π(0) = 0)
provides with another very popular definition for the effective coupling that enjoys the nice properties of gauge invariance and scheme/scale independence:
α eff corresponds to Dyson summation. If we express αṼ (k) in terms of α eff (k), we have
is nothing but the Coulomb potential. In order to achieve O(m r α 5 ) accuracy we need to know Π (1) , Π (2) , Π (3) and the leading, non-vanishing, contributions to α
eff (k) and α The next-to-leading order term of the static potential is displayed in fig. 1 and reads
and
Thus, we may write for the potential in position space The next-to-next-to-leading order term of the static potential is produced by the diagrams depicted in Fig. 2 , which can be understood as a correction to the vacuum polarization. It was computed by Källen and Sabry [24] and reads
The next-to-next-to-next-to-leading order term of the static potential coming from the vacuum polarization reads
This object (more specifically Π 3 ) has been computed in Ref. [25] , see also [26] where the complete set of diagrams can be found.
The remaining next-to-next-to-leading order contribution to the static potential is generated by diagrams that cannot be completely associated to the vacuum polarization, and is encoded in δα(k). Its sum is constrained to fulfil n + m = even because of the Furry theorem. Each α (n,m) eff (k) is also gauge invariant. The leading, non-vanishing, contributions are α
eff (k) and α (1, 1) eff (k). They have an expansion in α themselves. Since each of them is O(α 4 ), we can approximate them by its leading order expression, which is produced by the light-by-light diagrams displayed in Fig. 3 . This object could be deduced from the computation in Ref. [27] (we truncate the α eff expressions to its leading order)
where we have already used that α 
The potential beyond the static limit
In the matching scheme used in this paper (off-shell in the Coulomb gauge) the 1/m potential is zero in QED without light fermions (see Ref. [23] ). This is no longer so after the inclusion of light fermions (the electron) into the computation. Yet, after inspection of the diagrams that may contribute, they would produce, at most, O(m r α 6 ) corrections to the energy, so they will be neglected in the following.
At order 1/m 2 the expression of the potential in momentum space was obtained in Ref. [8] . We summarize its different contributions here. If we switch off the electron vacuum polarization effects, the computation would correspond to the muonium case (or positronium for the equal mass case). The relevant diagrams in such situation are presented in Figs. 4 and 5 (following the classification of Ref. [23] generalized to the non-equal mass case). The one-loop diagrams in Fig. 5 produce the potential quoted in Eq. (3.22) (in the MS scheme). The tree-level diagrams of Figs. 4 produce the potential quoted in Eq. (3.21) with α eff = α. In order to incorporate the electron vacuum polarization effects at one loop we replace α → α eff ≃ α − α 2 Π 1 (−k 2 ) in Eq. (3.21) . This means including the vacuum polarization in the 1st, 2nd, 4th, 5th and 6th diagram in Fig. 4 . On top of that one has to 
where S i = σ i /2 is the spin of the particle i. We stress again that Eq. obtained in the MS scheme. The sum of these three potentials includes all terms of O(
The potential in position space
The matrix elements of the potentials that appear in the energy shifts are more efficiently computed in position space. Therefore, we also write the potentials in position space. In this case it is convenient to split the potential in a slightly different way than in momentum space. In particular, the vacuum polarization contributions are dealt with in an isolated way. We follow the notation of Ref. [8] . The contributions coming from tree-level diagrams read 
Finally, the contributions associated to the one-loop vacuum polarization read
where λ = m e q. Therefore, with the precision we aim at, we obtain
where in the second equality we organize the potential terms according to their powers in α. This requires expanding the NRQCD Wilson coefficients in powers of α. The leading non-vanishing contribution reads
5 Note that the fourth line can be written in a way that makes the angular momentum structure more explicit:
Nevertheless, one has to be careful when dealing with the right-hand-side of the equality, as the first and last term are separately divergent (but not their sum). 6 Strictly speaking there could still be some O(α) included in κ had p with the definition we are using, similarly as it happens with the proton radius.
For the organization of the computation it is also convenient to split V (2, 2) in the following way:
The first term is the potential if we switch off the interaction with the electrons. This is a well defined limit, as it corresponds to the case of muonium. The second term is the correction to the potential associated to the one-loop electron vacuum polarization. Finally, the 1/m 3 potential, which we directly consider in position space, just comes from the Taylor expansion of the relativistic expression of the dispersion relation:
There are no O(α/m 3 ) terms.
4 Muonic hydrogen Lamb shift:
In this section we review all (and check several of) the contributions to the energy shift of order α 5 , as well as those that scales like α 6 ×logarithms in the context of pNRQED. The muonic hydrogen Lamb shift is obtained by the combined use of non-relativistic quantum mechanics perturbation theory and perturbative quantum field theory computations (when ultrasoft photons show up). As we have definite counting rules to asses the relative importance of the different terms we know when we can stop computing. The application of this program to the muonic hydrogen produces the contributions we use in our analysis, listed in Table 1 . Most of the results were already available in the literature, we have checked many. We now discuss them focusing on the novel aspects. Note that, even though most of the contributions can be associated to a pure QED calculation, the hadronic effects are also included in this computation. Their effects are included in the NRQED Wilson coefficients discussed in Sec. 2, and are encoded in the different terms of the potential in the Lagrangian of pNRQED discussed in Sec. 3.
In order to carry out the computations of this paper we use the most updated PDG values [16] for the masses and fine structure constant These numbers update the values used in Ref. [6] . The effect is very small but it changes the last digit of our numbers in some cases after rounding. This happens in the second term in Eqs. (1.2-5.1), in Eq. (1.3), and in the i) and vii) entries in the table 1. ρ nl is the non-relativistic charge density of the nl state. For the n = 2 Lamb shift we will need their difference between the S-and P -wave bound state:
We will use the following notation:
and δE
for the correction to the Lamb shift of a generic potential V . Figure 7 : 2nd order perturbation theory of the bound-state Green function generated by a generic potential V .
V V
We will represent the 2nd order perturbation theory correction to the bound-state Green function generated by a generic potential V by Fig 7, where the double line represents the bound state and the vertices (local in time) the potentials. In case we want to obtain the associated energy shift we will compute objects like (and analogous expressions in case of different potentials (including permutations))
7)
ψ nl (r) is the bound state wave function of the (nl)-state and E n is the energy of the state, and G(r 1 , r 2 ; E) is the Coulomb Green function. In order to perform the computation it is specially useful to use the following representation for a negative energy E = − mr Z 2 α 2 2λ 2 of the Coulomb Green function (see for instance, the appendix of Ref. [28] ):
is just the Coulomb Green function evaluated at λ = n + δλ, and taking out the pole. In the case where the potentials that appear in Eq. (4.5) are only functions of the modulus of r (i.e. they are rotational invariant), the sum over l reduces to the single term that matches the angular momentum l of the bound state.
Obviously a similar discussion applies to higher order corrections from perturbation theory, and also similar expressions follow for the Lamb shift.
We will now study each relevant contributing term separately, both in the 1/m µ and in the α expansions. We will write explicitly the Z µ , Z p , Z dependence except for the dependence on Z that appears in the combination m r Zα/m e in the numerical integrals we perform. Therefore, such numerical values will change for different muonic atoms.
Corrections from the static potential:
The Lamb shift in muonic hydrogen, unlike in hydrogen, receives its most important contribution from the electron vacuum polarization. This is due to the fact that the typical atomic momentum of the muonic hydrogen is m µ α, which is of the order of the electron mass: m µ α ∼ 1.5m e . This effect comes from the modification of the photon propagator, as we have already seen in the previous chapter (see Fig. 1 ). In order to compute it, we must take the first order in α of the expansion of Π(−k 2 ). The integral in r and x can be done analytically. The result reads (see for instance [29] ) Eq. (4.9) gives the first entry in Table 1 . For the case m e ≪ Zα m r the computation can be checked with the result of heavy quarkonium. We have checked it. We also observe that m e ≪ Zα m r is a bad approximation to this quantity, so we will not consider it further but only for checking. Actually, neither the β ≪ 1 nor the β ≫ 1 give a good approximation to Eq. (4.9).
Two-loop Vacuum Polarization: δE
We now compute the O(m r α 4 ) contribution associated to the two-loop static potential. We obtain the second entry of Table 1 :
It agrees with the result of Pachucki [30] with 5 significant digits. We observe that this contribution is significantly bigger than the one coming from double insertions of the leading vacuum polarization potential discussed in the next section. In a different context a similar situation has been found in heavy quarkonium physics [31] .
4.1.3
Double Vacuum Polarization: δE
The second O(m r α 4 ) correction is generated by the second order perturbation theory of the V (0,2) VP potential. Following Eq. (4.5) and the associated discussion we obtain 
This expression corrects several mistakes in Eq. (11) of [32] (which however gets the correct numerical result) and yields the 3rd entry of Table 1 : This numerical value agrees with [30] within the significant digits given in this reference.
Static potential (vacuum polarization): δE
The first four entries in Table 1 are the contributions to the Lamb shift associated to the electron vacuum polarization corrections to the static potential V (0) . Specially difficult is the 4th entry, as it corresponds to the three-loop static potential and to the third order computation in perturbation theory. It was computed (numerically) in [26] (see also [33] for a small correction). It can be split into the following contributions:
The contribution from 2nd order perturbation theory yields [26] (this result includes all permutations):
And the contribution from 3rd order perturbation theory reads [33, 26] :
The sum of the above three terms gives the final contribution:
which is the 4th entry of Table 1 . The computation has been done independently for a time-like (q 2 > 0) and a space-like (q 2 < 0) momentum of the photon. This last one involves the integration of the whole vacuum polarization function Π(q 2 ) to the desired order, and the other involves just its imaginary part evaluated at q 2 = t m 2 e .
Static potential (light-by-light): δE
The 5th entry of Table 1 corresponds to the contribution associated to the light-by-light corrections to the static potential V (0) , i.e. to V LbL (see Eq. (3.20)). It was obtained in [27] , where a very long explanation was made to argue that the light-by-light contributions could be computed in the static approximation. This is evident in the EFT, as they correspond to a correction to the static potential, as already stated in Ref. [8] .
The result for this contribution, given in [27] , is 
Corrections from the 1/m µ potentials without vacuum polarization
We jump directly into the V (2) potential, since we already discussed that the V (1) potential produces corrections of, utmost, O(m r α 6 ) and are then beyond the accuracy of our interest. We now compute the corrections to the energy and Lamb shift associated to the potentials in Eqs. (3.25) and (3.26) to O(m r α 5 ). In other words, we compute the relativistic corrections that are not associated to the vacuum polarization. ) (we will consider them in more detail later). The energy shift associated to this potential reads
The energy has been expressed in terms of the total angular momentum J = L + S (where S = S µ + S p ) and in terms of the angular momentum of the muon J µ =L + S µ . The basis is taken in terms of the lightest particle, since it is the most convenient one to express the energy shift. This is so since the lightest particle gives rise to larger effects in the terms which involve the ratio of the masses, and this comes out more clearly when using this basis. we set them to zero, we obtain the non-trivial leading-order contribution:
We shall also take into account the correction to this order in α coming from the perturbative expansion of the relativistic kinetic term, i.e. from Eq. (3.32), which leads to the energy shift:
Summing up the contributions of Eqs. (4.24), (4.25) we get for the transition of the 2S 1/2 → 2P 1/2 states:
26) The first term agrees both analytically and numerically with the one obtained in [30] . We shall remark that it has an extra m 2 r m 2 p suppression factor, which was to be expected since this correction does not contribute for the case of the hydrogen (in the infinite proton mass limit). The 2nd term is the leading contribution associated to the proton radius. Both contributions appear as the 6th and 11th entries in Table 1 .
Relativistic corrections:
We now compute the O(m r α 5 ) contributions to the spectrum with no electron vacuum polarization. As we have already mentioned, this is a well defined quantity, as it amounts to the corresponding evaluation of the muonium (µe) spectrum (if we turn off the hadronic effects). Taking the O(m r α 5 ) corrections generated from Eq. (4.20) (typically generated by the O(α) corrections of the NRQCD Wilson coefficients) plus the energy shift produced by the expectation value of Eq. (3.26), we obtain (note that this computation has been done in the MS scheme) are also included, as they also produce an m r α 5 energy shift. The interaction of the bound state with ultrasoft photons (symbolically pictured in Fig. 8 ) produces an energy shift of O(m r α 5 ). It has been computed in the MS in Refs. [22, 23] for the case of hydrogen and positronium respectively. The application to muonic hydrogen is trivial, as we only have to rescale for the reduced mass. On top of that we introduce the changes for the case of particles with general charges Z µ , Z p . Finally, the energy shift reads (in the MS scheme) [30] . We observe that δE US n,l is factorization scale dependent. Such dependence cancels with the scale dependence of Eq. (4.27). The sum of both contributions gives all the O(m r α 5 ) corrections to the spectrum that are not associated to the electron vacuum polarization: 29) and is independent of the factorization scale. It can also be split into the different hadronic contributions, associated to the fact that the proton is not point-like, and the O(α 5 ) contribution to the spectrum of two point-like particles (relevant for muonium) in the following way: vanishes, since the spin-dependent term does not contribute to the average energy over polarizations.
Ultrasoft effects: δE
The above computation keeps the complete proton and muon mass dependence. It is interesting to see the convergence of the m µ /m p expansion. We do so for δE which corresponds to the 7th entry of Table 1 . This result is very similar to the one computed by Pachucki [30] , where these effects sum up to E(2P 
(4.34)
For the Lamb shift corrections we obtain the explicit expressions As we have already stated, this sum constitutes a well defined set, as it can be parametrically distinguished from other contributions (formally through the number of light fermions). This is also so for each individual term in the last equality in Eq. (4.37). The first term corresponds to assuming the proton to be point-like (switching off the proton radius contribution) and gives the viii) entry in Table 1 . This contribution was first computed in [30] and later corrected in [34, 35] . Nevertheless, a different number has been obtained in two recent analyses [29, 36] . We confirm this last number, which is the one we quote in Table 1 . The term proportional to the proton radius in Eq. (4.37) emanates from the coefficient c The first 8 entries in Table 1 give the complete O(m r α 5 ) result for a point-like proton. In this result we have kept the exact mass dependence. The O(m r α 6 ) contribution is dominated by the logarithmic enhanced terms. Here, we compute the leading ones. We assign a general counting of m r /m p < ∼ ln α ∼ ln(m e /m µ ). Therefore, we only compute those contributions at leading order in the m r /m p expansion, i.e. those where the proton is infinitely massive. If we switch off electron vacuum polarization effects (i.e. we switch off the interaction with the electron) the system corresponds to the standard hydrogen situation, which has no O(m r α 6 ln α) effects. Actually, this is also true if we consider the case of muonium (with finite recoil effects), which again has no O(m r α 6 ln α) effects. The reason is that the sum of all possible contributions vanishes for the case of the lamb shift, since the effective energy shift is [37] 8 δE nls = 1 3 38) which vanishes for the Lamb shift. Therefore, we can actually claim that all the O(m r α 6 ln α) logarithms are generated by the electron vacuum polarization (for a point-like proton). Note that this would also be true if we consider proton-recoil corrections. In any case, as we have already mentioned, here we only consider the infinite proton mass limit. In this limit, for a point-like proton, only two contributions are produced (both of them generated by electron vacuum polarization effects), listed in the the ix) and x) entries of Table 1 , which we now discuss.
The 9th entry is due to the logarithmic-enhanced O(α 2 ) corrections to the c 39) and to the Lamb shift 40) which is the number that we quote in the 9th entry of Table 1 . The 10th entry in Table 1 is generated in the same way as the 8th entry but multiplied by the (logarithmic enhanced) O(α) term of c 
The ν dependence gets regulated by the ultrasoft scale, which we set to ν = m µ α 2 , producing the number which we quote in the 10th entry in Table 1 .
Both computations were considered before in Ref. [30] . We agree with them for the significant digits given in that reference. It is also interesting to see that both contributions can be understood from a renormalization group analysis in some appropriate limit [38] . This analysis also gives us information on the logarithmic structure of the recoil, m r /m p , corrections. At this order extra logarithmic terms appear. Nevertheless, they are at most linear: O(m µ α ). We emphasize that a partial incorporation of subleading corrections in α to the above expression will not improve the precision of the result (unless there are arguments to argue that such contributions are the dominant ones), as the uncertainty is still dominated by unknown parametric terms of order m r α 6 . For an account of some of these corrections see [41] .
In order to obtain our primary result Eq. (1.2), the first and last term of Eq. (5.1) has been added and the error combined in quadrature. With this, together with the experimental result in Eq. (1.1), we obtained in Ref. [6] the value for the proton radius quoted in Eq. (1.3) , where the theoretical and experimental errors have been combined in quadrature. Nevertheless, the latter is completely subdominant with respect to the total error, which is fully dominated by the hadronic effects. In this respect it is also convenient to present our result in the following way are kept explicit could be important for the future. In the long term (once the origin of the proton radius puzzle is clarified) the natural place where to get the proton radius is from the hydrogen Lamb shift and c had 3
(once the radius has been obtained) from the muonic hydrogen, since c is suppressed by an extra factor of the lepton mass. In this scenario a complete evaluation of the O(m r α 6 ) term may improve the precision of an eventual experimental determination of c had 3 . Note that in this discussion we assume that we can determine d had 2 from alternative methods, like dispersion relations. Finally, we profit this computation to give in the Appendix the exact α 5 expression for the muonium spectrum, keeping the complete mass dependence, which can be easily deduced by changing m p → m µ and m µ → m e , and setting the hadronic coefficients, d 
A Muonium spectrum
We profit from the results obtained in this work to give the spectrum for the muonium bound state (µe) for general quantum numbers at O(m r α 5 ). We first exchange the proton by the muon and the muon by the electron. Then, the main difference with muonic hydrogen is the lack of hadronic contributions, as well as the fact that all electron vacuum polarization effects can be eliminated, in particular this implies that the static potential becomes trivial. Thus, we are only left with the relativistic corrections to the potential which come from Eqs. (3.21) and (3.22) plus the energy coming from the kinetic term and the ultrasoft effect. The ultrasoft correction to the energy only depends on the reduced mass, and so it will be the same as the one for the muonic hydrogen in Eq. (4.28). Altogether, for a given energy level we get 
